© 1986 IEEE. Personal use of this material is permitted. However,
permission to reprint/republish this material for advertising or promotional
purposes or for creating new collective works for resale or redistribution to
servers or lists, or to reuse any copyrighted component of this work in
other works must be obtained from the IEEE.



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. IT-32, NO. 3, MAY 1986

387

On Secret Sharing Communication Systems
with Two or Three Channels

HIROSUKE YAMAMOTO, MEMBER, IEEE

Abstract—The source coding problem is considered for secret sharing
communication systems (SSCS’s) with two or three channels. The SSCS,
where the information X is shared and communicated through two or more
channels, is an extension of Shannon’s cipher communication system and
the secret sharing system. The security level is measured with equivocation;
that is, (1/N) H(X|W)), (1/N) H(X|W,W,), etc., where W, and W, are the
wire-tapped codewords. The achievable rate region for the given security
level is established for the SSCS’s with two or three channels.

I. INTRODUCTION

HE CIPHER communication system shown in Fig. 1

has been studied by various authors. Suppose that the
source is finite discrete memoryless and its entropy is
H(X). Then, it is well-known that perfect security can be
achieved if and only if the key rate is equal to the source
entropy H(X) [1], [2]. The term “perfect” means that no
information about X can be obtained from the codeword
W, without the key W,, even if an infinite amount of time
is used for the cryptanalysis, that is, (1/N)H(X|W,,)) =
H( X) where N is the block length of X.
- In the cipher system, it is generally assumed that the key
W, is transferred to the destination through a special
channel that can be perfectly protected against wire-
tappers. However, such special channels cannot be realized,
especially if a high key rate is required. Hence we assume
here that the two channels of Fig. 1 cannot be protected
from wiretappers. Then the system becomes the secret
sharing communication system (SSCS) with two channels,
as shown in Fig. 2, where the two channels are on an
equality and the source output X is mapped to two code-
words W, and W,. The decoder reproduces X from both
W, and W,. The security level of this system may be
measured with ((1/N)H(X|W,), Q1 /N)YH(X|W,)).

For this SSCS, we can devise several encoding methods.
For instance, W, and W, are used as the codeword W,, and
the key W,, respectively, vice versa, or W, and W, are used
as the time-sharing of W, and W,, etc. Then, how is secret
and efficient coding possible for this SSCS? In this paper,
we shall obtain the rate region %,(h,, h,) necessary to
attain the given security level (&, h,) = (1 /N)H(X|W)),
(1L/N)H(X|W,)).
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As an extension of Fig. 2, let us consider next the SSCS
with three channels depicted in Fig. 3, where the source
output X is mapped to three codewords W;, W,, and W,.
Let us assume that the information X should be repro-
duced from (W, W,, W;), but no information should be
obtained from just one codeword W,(i =1,2,3). For
this SSCS, the security level may be measured with
(L/NYH(X|W,W,), (1/N)H(X|W,W,),
(1/N)YH(X|W,W})). In this paper, we shall also obtain the
rate region %,(hy, h,, h;) necessary to attain the given
security level (hy, h,, hy) = (1/NYH(X|W,W;),
(1/NYH(X|\W, W), (1/N)H(X|WW,)) for the SSCS with
three channels.

Yy
Channel 1
Y2
Channel
Y3
Channel 3

SSCS with three channels.

>
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Fig. 3.

It is worth noticing that the SSCS with three channels
reduces to the three-out-of-three or two-out-of-three secret
sharing system (SSS) [3], [4] if (hy, Ay, hy) = (H(X),
H(X), H(X)) or (hy, hy, hy) = (0,0,0), respectively.
Hence the SSCS can be considered as an extension of the
SSS. To realize the two-out-of-three or three-out-of-three
codes, the rate of each codeword must be equal to H(X).

“However, it will be shown that, if we use the SSCS

code having (hy, h,, ;) = (1/2H(X), (1/2)H(X),
(1/2)H( X)), which corresponds to an intermediate code
between the two-out-of-three and three-out-of-three codes,
the necessary rate for each codeword is half, that is,
(1/2)H(X).
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In Section II, the formal statement of the problem and
results for the SSCS with two channels are given. The SSCS
with three channels is treated in Section III. All the theo-
rems are proved in the Appendices.

II. SSCS witH Two CHANNELS

Let { X, }%_, be a sequence of independent identically
distributed (i.i.d.) random variables X taking values in a
finite set Z". For the SSCS with two channels shown in Fig.
2, the code ( f,, ¢,) is defined by two mappings:

L &N > Ly X 1y

(1)
by Ly X Iy > XV (2)
where I,, = {0,1,2,---, M, - 1}. Letting X = (X,,

Xy, -+, Xy), then (W), Wy) = fo(X) € I), X I, and X
= ¢,(W,, W,) € V. The rates of this code are given by

(3)

The information X must be transferred to the destina-
tion without errors and must be protected from wire-
tappers. These conditions may be represented by

Pr{X+X)<e,

1
RiéﬁlogM,., i=1,2.

(4)
(5)

where 0 < b, h, < H(X) and (&, h,) stands for a secur-
ity level. (See Appendix III). If, for all € > O, there exists
for N sufficiently large a code ( f,, ¢,) satisfying both (4)
and (5), (R, R,, hy, h,) is said to be achievable. Then
(hy,hy)-achievable rate region %,(h,, h,) is defined by

1 ; :
SHXW) —h|<e,  i=12

Ry(hy, hy) & {(Ry, R,): (Ry, Ry, hy, hy) is achievable} .

(6)
For this #,(h,, h,), the following theorem holds.

Theorem 1:

%2(}’1,}’2) =@§"(h1,h2), (7)

where
R3(hy, hy) £ {(Rl’ R,):R, = max(h2, H(X) - hl)
R, > max (hy, H(X) — h,)}.

(8)

Proof: See Appendix 1.

R¥(hy, hy) is depicted by Fig. 4 (a) and (b), which
correspond to the cases of h; + h, > H(X)and 0 < h, +
h, < H(X), respectively. We notice from (8) that if A, +
h, = H(X), the larger h; and &, become, the more rates
are required. On the other hand, if 4, + h, < H(X), the
smaller 4, and &, become, the more rates are required.
This fact may be explained as follows. In the former case,
the more rate is used to randomize the information about
X included in the codeword W, (i = 1, 2). On the contrary,
in the latter case the more rate is required to reproduce X
from the codeword W, within the equivocation level 4,.
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We also notice that, for a given (R,, R,), we cannot
achieve a security level such that A, > R, or h, > R;. The
security level of each channel is dominated by the other
channel rate. Furthermore, to achieve the most secure
system, that is, (h,, h,) = (H(X), H(X)), both R, and R,
must be equal to the source entropy H( X).

II1. SSCS witH THREE CHANNELS

Let us consider the SSCS with three channels depicted in
Fig. 3. The code ( f;, ¢,) is defined as follows:
[0 ¥V > Ly X Ly X 1y (9)

(10)

that is, (W, W, W;) = fo(X) and X = ¢,(W,. Wy, Ws).
The code ( f5, ¢) is required to satisfy the following secur-
ity condition (see Appendix I1I):

Pr{X+X)}<e,

b3 Ly X Ly X Iy —> XY,

(11)

1
FV—H(X|W,.) >H(X)-¢ i=1,2,3, (12)

iy _hk <€,

1HXWW
N (X|ww,)

i, j,k=1,23, i#*j*k+Ii. (13)

From (11), X can be reproduced from the three codewords
(W,, W,, W;) within an arbitrarily small error probability.
However, from (12), wiretappers can obtain no information
about X from only the one codeword W,. Furthermore, if
wiretappers obtain the two codewords (W, W)), then they
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can obtain the information about X with the equivocation
hy.

For the SSCS with three channels, (R, R,, R;, hy, by,
h;) is said to be achievable if a code exists satisfying
(11)-(13). The (A, h,, h;)-achievable rate region
R4(hy, h,, hy) is defined by

R3(hys hy, hy)
2 {(Ry, Ry, R3): (Ry, Ry, Ry, hy, by, hy)
is achievable}. (14)
For this #,(h,, h,, h;), the following theorem holds.
Theorem 2:
Ry (hy, by hy) = R (hy, hy, hs) (15)
where
R3(hy, by, hs)
{(RthaRa):
h,, H(X) -

[1>

]
\

> max ( h;, H(X) — hy),
ik =1,23i#j+k#*i}.

Proof: See Appendix II.

(16)

Without loss of generality, let us suppose that 0 < A, <
h, < h; < H(X). Then ##(hy, h,, hy) is given by Fig. 5
(a), (b), or (c¢), which correspond to the following cases,
respectively:

Fig. 5(a)

hy + hy,> H(X),
hy+ hy > H(X),
hy+ hy > H(X),
R, = hy,
R, >h,,
Ry> h,

(17a)
(17b)
Fig. 5(b)

hy+ hy < H(X),
hy+ hy, > H(X),

R = hy,
R,> H(X) -

R,>H(X) -

{h +h, > H(X),

(18a)

(18b)
Fig. 5(c)
hy+ hy < H(X),
hy+ hy < H(X),
R, = H(X) — h,
R,>H(X)—h
R, > H(X) — h,. (19b)

If (hy, by, hy) = (H(X), H(X), H(X)) or (hy, hy, hy)
= (0,0,0), then the SSCS with three channels reduces to

(19a)

389

N
/I N
e
‘1 L
Ry WX hy ° "1L/ Rq
4
// §
hz——;r—-
7/
HIX) /
n 7
(a)
)
|
|
|
l/H( )-h I 0 {H( )
H Xi- X
R, x) 3 h, /H{] Ry
N
, |: |
7/ B |
7 !
“‘X"hr;"'——-'c
HX)E =~ === =
R, %
(b
72
£ . 1. I,
/]
/ AN /
__.7_1);h2__A\__< }
I
| 1\\/_'_______}/' |
) 17F FIx1 i
,/4‘- bt il 1 it [l S
Pl | N
- 0| HX-hsH
R, M0 WXFhy by KB W R,
://1 !
[
Ve
|
//Fki :
H(X)~h3—/—/-———
HIX)E = —— = /
Rz //
(c)

Fig. 5. (a) @¥(hy, hy, hy) (hy + hy = H(X), hy + hy = H(X), hy +
hy = H(X). (0) R (hyohy, ha) (hy + hy 2 HOX), by + by < H(X),
hy + hy > H(X)). (©) R¥(hy, hayhy) (hy + hy < H(X), hy + hy <
H(X)).

the three-out-of-three or two-out-of-three SSS, respectively
[3], [4]. From Theorem 2, we notice that, to realize the
three-out-of-three or two-out-of-three SSS, each rate R;
must be equal to the source entropy H(X). If (hy, by, hs)
=(H(X)/2, H(X)/2, H(X)/2) is used, the necessary
rate is only half of H(X).

IV. CONCLUDING REMARKS

Coding theorems have been proved for the SSCS with
two or three channels, which are extensions of the corre-
sponding SSS. We can also consider the coding problem
for the SSCS with four or more channels. However, the
proof for such case is fairly cumbersome, since many
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parameters must be treated to describe the security level.
For example, the following parameters may be considered
for the SSCS with four channels:

1
‘TV—H(X[W,.) ~h|<e
1
’NH(XW,.WJ) —h,|<e
1
'NH(XWV:VVJWk) —hip|<e

However, if the values of these parameters are restricted
to a certain fraction of H(X) and the source is equiprob-
able, that is, Pr{ X = x} = 1/|%|, then useful codes can
be found for the SSCS with n channels. Such codes are
treated in [5], where it is shown that the practical security
can be achieved by the codes for the SSCS at more efficient
rates than those of SSS schemes.
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APPENDIX I
PROOF OF THEOREM 1
Lemma 1 (Converse Part of Theorem 1):
Ry (hy hy) € RE(hy, hy). (20)

Proof: Let (R, R,) € #,(hy, h,). Then a code (f;, ¢,) ex-
ists that satisfies both (4) and (5). Hence, for any € > 0,

1 1
R % v log M, > NH(WI)

1
2 NH(WHWZ)
1
2 WI(Xi Wi IW,)

1 1
= S H(XIW,) — = HX W)
>h, -

(21)

where the last inequality follows from (5) and Fano’s inequality,
which gives

.
S H(XIW#,)

< —H(X|X)

{HZIH

{X#X}log{|ﬁ’| 1}

+£/(Pr{X¢X})

A

(22)
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for N sufficiently large. On the other hand, we have from (5) that

1
by 2 - H(X|W) =«
1 1
=y H(XW) - ZH(W,) — e

1
2 H(X) — R ¢

=H(X)— R, —e. (23)
Equations (21) and (23) hold for any € > 0. Hence
R, > max(h,, H(X) — hy). (24)
Similarly,
R, > max(hy, H(X) — h,). (25)
Lemma 2 (Direct Part of Theorem 1):
QZ(hlﬁhZ) Qgi(hl’hz) (26)

Proof: Let T[X] be the set of typical sequences of X. Then
it is well-known that, for any € > 0 and N sufficiently large,

Pr{XeT[X]} >1-c¢, (27
NI =€) |T[X]| < 2N[H(X>+<]’ (28)

9~ NLH(X)+¢] sPr{X=x} Sszlll(XHe], P = T[X].
(29)

For simplicity, we use the following notations, and we consider
these numbers as integers:

L A 2N[H(X)+(]’ (30)
L 22V L, &2V (31)
zl A L/Ll — 2N[II(X)+(7111]’ (32)
le LY LLLZ/L = 2N[h,+hzfll()()—(]. (33)

‘L—1 to each xe T[X]
Then define T(¢),t =

Affix the suffixes 0,1,2,---, 8, -,
according to some random order.
0,1,2,---, L, ~ 1, by

T(t) £ {xtl,,’xtLlJrl""’ (34)

In the case A, + h, > H(X), it is sufficient to show that a code
exists such that

x(1+1)1.1—1}~

R, = h,

Ry > hy.

(35)
(36)

Let us consider the following code. For the source output
X,+50<t<L -1 0<S<L,-1)€T[X], the code-
words (W, W,) are given by

Wl=yzl+t,
W,=(y+ S)mod L;,

(37)
(38)
where v is a uniform random integer such that 0 <y < L, — 1.

For x & T[X], weset W, = W, = 0.
The codewords (W,, W,) can be decoded as follows:

=W modL, (39)
y=(m-1/L, (40)
S=(w 2~y)modL1. (41)
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Then the decoder output X can be obtained by
X’ = x;,,l + S‘

(42)

Clearly, the foregoing code satisfies (35) and (36) since 0 < W <
L, — 1,0 < W, < L; — 1. It also satisfies (4) because the typical
sequences can be reproduced at the decoder without error. Fur-
thermore, (5) can be proved as follows. The code maps all
x € T(t) to the same codeword W,. Since all the typical se-
quences appear equiprobably, the code satisfies

(43)

On the other hand, if the random number y is fixed, one x in
each T(2), t =0,1,2,---, Zl, is mapped to the same codeword
W,. When y varies within the range 0 < y < L, — 1, different
L;,x’s in each T(t) are mapped to the same I, because L, <
L,. Altogether, Ly(= L;,L;)x’s in T[X] are mapped to the
same W, with equal probability. Hence the code satisfies

1
NH(XIWO — hy| <

NES (44)

In the case h; + h, < H(X), let the coordinates of points A
and C in Fig. 4b) (H(X), H(X)) and (H(X) — h;, H(X) — h;),
respectively. Then the coordinate of B is (H(X)h,/(h, + h,),
H(X)h,/(h, + h;)). Obviously, a code exists, say code 4, that
achieves (h{*, h%") = (0,0) at the rate of point 4. On the other
hand, from the proof of the case that &, + h, > H(X), a code
exists, say code B, that achieves (h{®, BS®)) = (H(X)h,/(h; +
k), H(X)h,/(h; + h,)) at the rate of point B. By time-sharing
codes 4 and B at the ratio

hy+ hy hy o,
H(X) = H(X)~

1
~HXW) —h

(45)

the equivocation (hy, h,) can be achieved at the rate of point C,
that is, (H(X) — hy, H(X) — h,). Although the foregoing time-
sharing code achieves (h, h,) on the average, the information
cannot be kept secret using code 4. This defect, however, can be
overcome by the following preprocessing.

Let x;,x,,--+, x;, -, x; be the source outputs to be trans-
ferred, each of Wthh has length N; j. stands for the suffix of
typical sequences, 0 < j, < L — 1. Let p() be the binary repre-
sentation of j. Then each y(j) has length N[H(X) + €]. Per-
mute the binary sequence of y(j;)y(j) - y(j.) as in Fig. 6,
redivide it into L sequences, say z(1),z(2), - -,z(L), and then
use the time-sharing code for these sequences z (i).

Sl 2 I
y(jl) l y(j2) I .......... ] y(JL
2 [z [ | =zw |

Fig. 6. Permutation of source output x.

APPENDIX I1
PROOF OF THEOREM 2
Lemma 3 (Converse Part of Theorem 2):

Ry(hy, by, hy) © R (hyshys hs). (46)
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Proof: Let (R, R,, R;) € #;(h,, h,, hy). Then a code
(fy, $4) exists that satisfies (11)-(13). Hence, for any ¢ > 0,

1 1 .
RiéWIOgMzﬁH(VV;)

>h, —¢

‘ (47)
where the last inequality follows from (11), (13), and Fano’s
inequality. On the other hand, the next inequalities also hold:

h;

/

H(X\W,W,) — ¢

,_.2|,,_.

= O - SHOWW,) - <

= CH(XW,) + S HOKIXW,) S HWW,) — ¢
o LB + L)~ HOW) — ORI
N N N

> L(xw) - —H(W) - <

> H(X) — R, — 2¢ | (48)

where the last inequality follows from (12). From (47) and (48),
we have

R, > max{h, H(X) — h;, H(X) — h; }. (49)
Lemma 4 (Direct Part of Theorem 2):
Ry (hyshy,s hy) 2 R (hy, by, hs). (50)

Proof: Suppose that 0 < hy < hy < hy < H(X). Then the
rate region #¥(hy, h,, hy) is given by (17b), (18b), or (19b).
In the case of (17a), it is sufficient to show that a code exists
that satisfies (11)—(13) at the following rates:

R = h R, >h, Ry = hs. (51)
For simplicity, we use the following notations again:
I & Nla(X)+e] (52)
A ANh T A L R
L, =27 Li:f’ i=1,2,3 (53)
A LiLi . . .
L= 7 i,j=1,2,3, i#j. (54)

Furthermore, the numbers just defined and L,/L,, L,/L; can
be approximated by integers with any accuracy for sufficiently
large N.
Let v,, ¥, v; be uniform random integers taking values in the
following ranges:
Oy <sL—1 (55)
(56)

(57)

0<y<Ly-1
OS‘Y3ST43_1
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Now let the source output be x,; ¢ € T[X]0 <t < L, -1,
0 < § < L, — 1). We define the code by

W, = les +1 (58)
W, =(v,Ly + v; + t)mod L, (59)
Wy=(v3Ly +v +v,+S)mod L;. (60)

The source output can be decoded from (W, W,, W;) as follows:

% = W, mod L, (61)
W=~ 3’3)/213 (62)
7= {(W, —%)mod L,} mod L, (63)

?2={(W2~?3—?)modL2}/Z3 (64)

~§=(W3_?3L23‘?1 — %) mod L;. (65)

Clearly, this code satisfies (51) since 0 < W, < L, i=1,2,3.

Equation (11) is also satisfied by (27). Since W, contains no
information about (1, S), we have

%y(x;wl) > H(X) — c. (66)

W, contains the information about ¢. However, v, L, + v, in(59)

varies uniformly and randomly over the same range as 7,0 < 7 <
L, — 1. Hence

(67)

Although W, contains the information about S, we have also

(68)

because, from Ly; < L3 < Ly, (L3 + v, + v2) mod L; in (60)
varies uniformly and randomly over the same range as S,0 < S
<Ly —1.

If wiretappers obtain (W, W,), they can reproduce ¢ from
(61)-(63). However, they can obtain no information about S.
Hence

%H(X|W2) > H(X) - €.

%H(X|W3) > H(X) — ¢

1
SHXIWW) = hy| <. (69)
Next suppose that (W), W;) is wiretapped. Then, since (v,, v3)
can be uniquely determined from W, the wiretappers can obtain
the information
(70)
<

From (56) and L,; < L;, the number of the possible S is Ly,.
Since no information about ¢ can be obtained, L,(= Ly L;)
possible (¢, S)’s exist. Hence

(v, + S)mod L.

1
~ HXIWH) = hy| < e. (1)

Finally, suppose that (W,, W;) gets out. If we assume a certain
t for this W,, we can uniquely determine (y,, y;). Then, from Wj,
we can obtain the information

(v; + S)mod L;.

(72)
Hence L,; possible S’s exist for each r. Since the number of 7 is
L,, there are L, (= L,;L;) possible (¢, S)’s. Therefore,

1
~H(XIWW) — by <e. (73)

In the case of (18a), we first show that a code exists, say C;,

that satisfies
(RN, RYY, B$D) = (H(X),0,0) (74)
at the rate of point A in Fig. 5, thatis, R, = R, = Ry = H(X).
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From Theorem 1, for any € > 0 a code exists such that

R >H(X)—¢ R,>H(X)—¢ (75)

%H(X|Wl) > H(X) — ¢ %H(X|W2) > H(X) — ¢ (76)

N 1
Pr{X=X}xce¢ ]T[H(XWVIWZ)sL (77)

By setting W,
the code satisfies

W, in this code, we can obtain code C, because

Ry> H(X) — e (78)

(79)

%H(X|W3) > H(X) -«

1 1
~ H(XIWWy) = ZH(X|WW;) < ¢ (80)

1 1
SHXW) = H(XIW) = H(X) =€ (8)
On the other hand, from the proof of the case of (17a), a code
exists, say Cp, such that
(Rl’ R29 R?)
= (WP, hP), h$P)
(hy + hy + hy = H(X))H(X) h,H(X) hyH(X)
h hy + hy “hy+hy T hy by
(82)

where the rates correspond to the point B in Fig. 5. By time-shar-
ing codes C, and Cg at the ratio

hy+hy hy+ by
H(X) = H(X)’

(83)

we can obtain a code that achieves (k, h,, h;) at the rate

(RI’ Rz,Rs) = (hl’H(X) - h3’H(X) - hz)- (84)

In the case of (19a), we first show that a code exists, say Cj,,
that satisfies both (R,, R,, R;) = (H(X), H(X), H(X)) and
(P, hEPY, hSPY) = (0,0,0).

Let x; € T[X] and p(,) be the source output and the binary
representation of j, respectively. By dividing y(;) into three
parts of equal length, we have y(j) = ( y;, »,, y3) where each
Vi, k=1,2,3, has length N{H(X) + ¢} /3. Furthermote, let »
and r, be binary random integers that have length N{H(X) +
€} /3. Then the code Cj, is defined by

Wl"("lah®"'2»)’3®"2) (85)
Wx=(y1@’1’."2@"z”'2) (86)
Wy=(»nonrn,ndén,yon) (87)

where @ stands for the bitwise modulo two summation. Clearly,
code C,, satisfies

1
WH(X|W,-)2H(X) - €, (88)
1
NH(XU/ViW,) <e (89)
By time-sharing code Cj, and code C, at the ratio
hy —h hy —h
1 2 1 2 ,(90)

1~ :
H(X) ~hy—hy H(X)—hy—hy’



YAMAMOTO: SECRET SHARING COMMUNICATION SYSTEMS

we have code C,; that satisfies

H(X)(hl ~hz)
H(X) —hy,— by’
(Ry, Ry, Ry) = (H(X), H(X), H(X))

(A", hsP hEY) = ( 0,0) (91)

(92)
where the rates correspond to point E in Fig. 5. On the other
hand, from the proof of the case of (17a), a code exists, say Cp,

@2(}‘1,]12),
'%g(hlrhz) ={

‘@3(h17h2’h3)’

if (17a) holds,

‘%;j(hl’h29h3) =

that satisfies
(Rl’ R2’ R})
= (th)’ hP, th))

2 2 2
= H(X), H(X), H(X 93
hy + hy /( )h2+h3 ( )h2+h3 (X} (%3
where the rates correspond to the point F in Fig. 5.
Finally, by time-sharing codes C,. and C, at the ratio

hy +hy h,+h
G 3. y (94)

H(X) = H(X)

we obtain a code that achieves (A, h,, hi;) at the rate triple
(R, Ry, Ry) = (H(X) — hy, H(X) = hy, H(X) — hz)-
(95)
The above code attains (4, h,, h;) only on the average, but this
defect can be overcome as in Appendix L.
APPENDIX I1I

Someone may think that the conditions

1
S H(XIW) 2 b, = e (96)

and

(97)

are appropriate rather than (5) and (13), respectively, because
only the lower bounds of the equivocations should be given in
order to specify the security level. If (96) and (97) are used
instead of (5) and (13), the achievable rate regions, say %3 (h,, h,)

1
NH(XH;';W,) >h, — ¢

[%’3(h1,H(X)~h3,h3)U%’3(h1,h2,H(X)Ahz)]C,

[ (1, hy s H(X) = hy) O By (hy by  H(X) — hy)
U*‘%s(H(X)_ha,H(X)_h3’h3)]c’

[%;(hy, H(X) = hy, H(X) = h ) U B3 (H(X) = hy, by, H(X) = hy)
U@3(H(X)~h3,H(X)—h3,h3)]C,

393

and %Y (hy, h,, hy), are given by

it hy+hy > H(X)
[@2(h1’H(X)_hl)U@z(H(X)"hzahz)]C’

'@g(hlahz) = U ‘@2(}'1,}1/2) (98)

hiz=h

Hy>hy
%.g(huhzaib) = hUh Ry(hi, hy, hy). (99)

izh;

i=1,2,3

Furthermore, it can be easily shown that

(100)

if hy + hy < H(X)

if (18a) holds,
if (192) and A, + h, > H(X) hold,

if (19a) and h, + h, < H( X) hold,

(0O<hy<h,<h <H(X)) (101)

where [-]1¢ denotes the convex hull.

%9(h,, h,) may be desirable rather than %, (h,, h,). However,
Ry (hy, ks, hy)is useful rather than %9 (hy, h,, hy). For instance,
when we wish to design an SSCS with three channels
such that (1/N)H(X|W\W,) = (L/NYH(X|W,W;) = 0 and
A/NYH(X|W,W,) = H(X), thatis, h, = H(X) and h, = h; =
0, we cannot obtain  the right achievable rate region by
R (H(X),0,0) while #,(H(X),0,0) is the desired region. Fur-
thermore, #Y(h,, h,, hy) can be easily calculated from
R(hy, hy, hy). Therefore, the use of absolute values for equivo-
cations may be desirable for the SSCS with three or more
channels.
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